ABSTRACT. It is shown that every differential basis of a Noetherian ring R of prime characteristic p over an arbitrary subring fc is a p-basis of R over fc. Moreover, if fc is a field, then R is smooth over fc, provided R has a differential basis over fc and the ring R ®^ kp is reduced.
I. Introduction.
Let R be a commutative ring of prime characteristic p and let fc be a subring of R. A subset r of R is called a differential basis of R over fc if the fi-module of Kahler differentials flk(R) is free and {dy, y G F} is a basis of Qk(R), or equivalently, if for any Ä-module M and any function s: F -► M there exists a unique fc-derivation d: R -> M such that d\r = s. It is well known (and easily seen) that each p-basis of R over fc is a differential basis of R over fc. Matsumura proved in [6] that the converse is true under the assumption that R is a local ring and R is a finite fc[i?p]-module. In [4] Kimura and Niitsuma established that the converse is true in the case where R is a regular local ring and k = Rp. Our first aim in this paper is to prove that if R is a Noetherian ring and fc is an arbitrary subring of R, then every differential basis of R over fc is a p-basis of R over fc. Our next aim is to indicate some connection between the notions of smoothness and that of differential basis. More precisely, we show that a Noetherian ring R is smooth over a subfield fc, whenever R possesses a differential basis over fc and the ring R <S>k kp is reduced.
II. Preliminaries.
In this paper all rings are commutative (with identity) and have prime characteristic p. A local ring is assumed to be Noetherian. A ring R is said to be regular if all the localizations of R at prime ideals are regular local rings. R is said to be reduced if it has no nonzero nilpotent elements. Let fc be a subring of a ring R. A subset r of R is called p-independent over fc if the monomials Vi' ' " Vn"> where yi, ■ ■ ■ ,yn are distinct elements in F and 0 < s¿ < p, are linearly independent over k[Rp] (Rp = {rp,r G R}). F is called a p-basis of R over fc if it is p-independent over fc and R -k[Rp,F]. Given R and fc as above, flk(R) will denote the Ä-module of Kahler differentials and d: R -» Ok(R) will denote the canonical fc-derivation. Now let t be a ring. Recall that a i-algebra A is said to be smooth if for any i-algebra B, a nilpotent ideal N in B, and a homomorphism of t-algebras f:A-> B/N there exists a homomorphism of i-algebras g: A -* B such that f(a) = g(a) + N for all a G A. If A is a local i-algebra with the unique maximal ideal m, then A is said to be formally smooth if the above condition holds for those homomorphisms /: A -► B/N which vanish on some power of m (for smoothness and formal smoothness, see [2 and 6] ). Recall also that if t is a field, then a i-algebra B is called geometrically regular (resp. separable) if for any finite field extension L/t, the ring B ®t L is regular (resp. reduced). Finally, for later use recall the following result due to Fogarty. 
Consequently, R = R'[F -S] = k[S][F -S] = k[F], and thus Theorem 1 has been
shown in the case where R is a local ring. Now suppose that R is an arbitrary Noetherian ring. Then for any prime ideal P in R the set Fp = {y/1 G Rp, y G F} is a differential basis of Rp over kq, where q = P n fc. Therefore, by the first part of the proof, FR is a p-basis of Rp over kg. In particular, given an r G R, there is a zq G k -q such that zqr G k\F]. Since this holds for any P G Spec R and any prime ideal q' in fc is of the form P' D fc, where P' -{x G R, xp G q'} G Spec R, we see that r G k[F]. The conclusion is that R = fc[r], as was to be shown.
COROLLARY. // R is a local ring and Qk(R) is a free R-module of finite rank, then R possesses a p-basis over fc.
REMARK. The proof of Theorem 1 is in part patterned upon the proof of the theorem in [4] .
From now on, fc denotes a fixed field.
THEOREM 2. Let R be a Noetherian k-algebra satisfying the following conditions: (1) R has a differential basis over fc, (2) the ring R <8>/t kp is reduced. Then R is a smooth k-algebra.
The lemmas below will be employed in the proof. LEMMA 1. In the situation of Theorem 2, R is a regular ring.
PROOF. It is easy to see that we may assume R is a local ring. Then, thanks to the Kunz Theorem (cf. LEMMA 2. Let A be an integral domain containing the field k and such that the ring A ®k kp is reduced. Then the localization As is a separable k-algebra for any multiplicative subset S of A.
PROOF. It is clearly sufficient to show that the quotient field A0 is a separable fc-algebra. For this purpose we need only verify that the ring An ®fc fcp is reduced, see [6, (27.F) Lemma 3] . The latter follows easily from the assumption. LEMMA 3. Suppose R is a local k-algebra satisfying conditions (1) and (2) of Theorem 2. Then R is a formally smooth k-algebra.
PROOF. In virtue of [6, Theorem 93] formal smoothness is equivalent to geometric regularity. Therefore, it is enough to show that R ®k L is a regular ring for any finite field extension L/k. Let L/k be such an extension. By Lemma 1, the ring A = R <S>k Lis regular, whenever the L-algebra A satisfies conditions (1) and (2) of Theorem 2. Since fi¿(A) = Qk(R) ®ñ A and R has a differential basis over fc, A has a differential basis over L. As for condition (2), Lemma 1 implies that R is a regular local ring, so in particular, R is an integral domain. By Lemma 2, it follows that R is a separable fc-algebra, whence A <g>£, Lp = R ®k L ®l LP = R ®k IP is a reduced ring. The lemma is proved.
The next lemma is known.
LEMMA A. Let R be a Noetherian k-algebra such that (a) Ofc (7?) is a projective R-module, (b) Rp is a formally smooth k-algebra for all P G Spec R. Then R is a smooth k-algebra. COROLLARY. Suppose H is a commutative Hopf algebra over k such that H <g>fc fcp is a reduced ring and H is finitely generated as a k-algebra. Then H is a smooth k-algebra.
PROOF. Thanks to [7, §.11.3, Theorem] and to the assumption we know that iïk(H) is a finite free //"-module. It results that Qk(Hp) is a finite free //p-module for any P G Spec H. Hence, making use of Lemma 3, one obtains that Hp is a formally smooth fc-algebra for all P. Consequently, H is a smooth fc-algebra, by Lemma 4.
We are now in position to give the PROOF OF THEOREM 2. As it was already noticed each localization of R at a prime ideal satisfies conditions (1) and (2) of Theorem 2. Therefore, by Lemma 3, Rp is a formally smooth fc-algebra for any P € Spec R. Moreover, Vlk(R) is a free /2-module, by condition (1). The conclusion now follows, using Lemma 4.
Let R be a smooth fc-algebra. It is not difficult to show that the ring R ¡S)k kp is reduced. It turns out, however, that R need not have a differential basis over fc (i.e. conditions (1) and (2) in fifc(-R') and that the differential dU/U is not exact (i.e. dU/U <£ d(R')). This implies that the unit u can not be in fc. Thus, all that remains to be proved is the following.
LEMMA 5. If u is a unit in R and u £ fc, then i G fc.
PROOF OF THE LEMMA. Since every unit in R' is of the form aUn, where a G k(i) and n is a rational integer, u -a(x + iy)n for some a G fc(z') and n ^ 0. In the case where n < 0 we have u = a(x + iy)n = a(x -iy)~n, and exactly the same arguments as above show that i G fc. The lemma is proved.
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